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Abstract. Let ip : P^ — > P^ be a morphism of degree d > 2 
defined over a field K that is algebraically closed field and complete 
with respect to a nonarchimedean absolute value. We prove that 
a modified Green function g v associated to ip is Holder continuous 
on F N (K) and that the Fatou set J- ((f) of ip is equal to the set 
of points at which g$ is locally constant. Further, g v vanishes 
precisely on the set of points P such that (p has good reduction at 
every point in the forward orbit O v {P) of P. We also prove that 
the iterates of ip are locally uniformly Lipschitz on F(p). 



Introduction 

Let-fT be an algebraically closed field that is complete with respect to 
a nontrivial nonarchimedean absolute value | • |. An example of such 
a field is C p , the completion of the algebraic closure of Q p . 

Let ip : — > P^ be a rational function of degree d > 2 defined 
over K. The absolute value on K induces a natural metric on F l (K), 
and nonarchimedean dynamics is the study of the iterated action of <p 
on P 1 ^) relative to this metric. The family of iterates {(f n } n >o di- 
vides P 1 (i^) into two disjoint (possibly empty) subsets, the Fatou 
set J-{<p) and the Julia set Ji^p). The Fatou set is the the largest 
open subset of P 1 (fC) on which the family is equicontinuous, and the 
Julia set is the complement of the Fatou set. There has been consid- 
erable interest in nonarchimedean dynamics on P 1 in recent years, see 
for example [1, 3, 4, 5, 6, 7, 12, 13, 17, 18, 19, 20]. 
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In this article we investigate aspects of nonarchimedean dynamics 
on higher dimensional projective spaces. For points 

P=(x :---:x N )eF N (K) and Q = (y : • • • : y N ) e F N (K) 



we define the chordal distance from P to Q to be 
A(P,Q) 



max \XiVj -x^ 

0<i,j<N 



max{|x |, • • • , \x N \} max{|y |, • • • , \vn\} 

This defines a nonarchimedean metric on F N (K). As in the one di- 
mensional case, for any fT-morphism tp : F N — > P^ of degree d > 2 
we define the Fatou set ^(y?) to be the largest open set on which the 
iterates of <p are equicontinuous, and the Julia set J7"(y?) is the com- 
plement of the Fatou set. (See Section 7 for the precise definitions.) 
Also for convenience, for any vector x = (xq, . . . , xn) £ K N+1 , we 
write 1 1 a; 1 1 = max \xi\ for the sup norm. 

Over the complex numbers, pluri-potential theory has played a key 
role in the study of complex dynamics on P JV (C). One of the primary 
goals of this paper is to develop an analogous theory in the nonarchi- 
medean setting. For a given morphism ip : — > P^ of degree d > 2, 
let 

$ : R N+1 ► K N+1 

be a lift of p>. Then as in the complex case (cf. [21]) one defines the 
Green junction (or potential function) associated to $ by the limit 

G*(x)= lim i-log||$(x)||. (1) 



n— >oo d n 

The existence of the limit and the relation of G$ to canonical local 
height functions is explained in [15]. We also define a modified Green 
function 

g* : F N (K) - R, fo(P) = - log \\x\\, (2) 

that is well-defined independent of the choice of the lift x e K N+1 of 
P G F N (K). The main results of this paper are summarized in the 
following theorem. 

Theorem 1. Let ip : F N — > F N be a morphism of degree d > 2 as above 
and let g^, be an associated Green function onF N (K) as defined by (1) 
and (2). 

(a) The function gq, is Holder continuous on F N (K). 

(b) The Fatou set of ip is characterized by 

J-(ip) = {P G F N (K) : gq, is locally constant at P}. 
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(c) The Fatou set of ip is equal to the set of points P such that the 
iterates of ip are locally uniformly Lipschitz at P, i.e., such that 
there is a neighborhood U of P and a constant C so that 

A(p n (Q),p n (R)) < CA(Q,R) for all Q, Re U and all n > 0. 

(d) g®(P) = if and only if ip has good reduction at every point in the 
forward orbit O tp (P). Further, the set of such points is an open 
set and is contained in the Fatou set J-{ip). 

As an immediate corollary of Theorem 1(b) and the fact (Corol- 
lary 21) that p is an open mapping in the nonarchimedean topology, 
we obtain the invariance of the Fatou and Julia sets. 

Corollary 2. The Fatou set F(p) and the Julia set J(p) are forward 
and backward invariant for p. 

Remark 3. Parts (a) and (b) of Theorem 1 are analogous to results in 
pluri-potential theory over C. Thus if p : — > is a morphism 
of degree d > 2 and $ : <C N+1 — > C N+1 is a lift of <p, the classical 
Green function G$ : C N+1 — > R associated to $ is defined by the same 
limit (1) that we are using in the nonarchimedean setting. It is then 
well known that G$ is Holder continuous on (C Ar+1 )* and that the 
Fatou set of ip is the image in P Ar (C) of the set 

{x E (C N+1 )* : G$ is pluri-harmonic at x}. 

See for example [21]. 

We note that applying dd c to G$ gives the Green current T$ on 
P JV (C) and that the invariant measure associated to <p is obtained as an 
intersection of T$. The invariant measure is of fundamental importance 
in studying the complex dynamics of ip. An analogous theory has been 
developed on P 1 in the nonarchimedean setting (see for example [9, 2, 
11, 23]) and it would be interesting to extend this to P^. 

Finally, we mention that the Holder continuity of G$ over C is used 
to estimate the Hausdorff dimension of the Julia set. 

The proof of Theorem 1 is given in Theorem 18, Theorem 24, and 
Proposition 32. The proofs of (a) and (b) follow the complex proofs to 
some extent, but there are also parts of the proofs that are specifically 
nonarchimedean, especially where compactness arguments over C are 
not applicable to nonlocally compact fields such as C p . Further, we 
are able to make most constants in this article explicit in terms of the 
Macaulay resultant of $. (See Section 2 for the definition and basic 
properties of the Macaulay resultant.) 

The organization of this paper is as follows. In Section 1 we de- 
fine the chordal metric on F N (K) and prove some of its properties. In 
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Section 2 we consider Lipschitz continuity and show in particular that 
if : P N — > P N is Lipschitz continuous with an explicit Lipschitz con- 
stant. In Section 3 we review the definition and basic properties of the 
Green function G$ and use them to deduce various elementary prop- 
erties of the modified Green function g§. In Section 4 we show that 
g<& is Holder continuous with explicit constants. In Section 5 we prove 
that morphisms are open mappings in the nonarchimedean setting. In 
Section 6 we recall some facts from nonarchimedean analysis. In Sec- 
tion 7 we define the Fatou and Julia sets in terms of equicontinuity for 
the family {y?™} with respect to the chordal metric. In Section 8 we 
characterize the Fatou set in terms of the Green function and give some 
applications, including the backward and forward invariance of J-(f) 
and J[}p)- Finally in Section 9 we we relate the Fatou set and the 
vanishing of g<$> to sets of points at which (p has good reduction. 

Acknowledgements. The authors would like to thank Matt Baker for his 
assistance. The authors would also like to thank Antoine Chambert- 
Loir, Tien-Cuong Dinh and Xander Faber for their helpful comments. 

1. The chordal metric on P n 

For the remainder of this paper we fix an algebraically closed field 
field K that is complete with respect to a nontrivial nonarchimedean 
absolute value | • |. We extend the absolute value on K to the sup 
norm on K N+1 , which we denote by 

\\x\\ = max{|a;o|, • • • , \xn |} for x = (x , . . . , xjy) G K N+1 . 

We also write 

7T : -> P N (K) 

for the natural projection map. 

Definition. Let P, Q G ¥ N (K) and choose lifts x,y G (K N+1 )* for P 
and Q, i.e., ir(x) = P and n(y) = Q. The (nonarchimedean) chordal 
distance from P to Q is defined by 



A(P,Q) = 



max \XiVj -XjVi\ 

0<t,J<N 



\X\ 



By homogeneity, it is clear that A(P,Q) is independent of the choice 
of lifts for P and Q. 

Remark 4. The chordal distance is an example of a f-adic (arithmetic) 
distance function as defined in [22, §3], although we note that the func- 
tion 5 defined in [22] is logarithmic, i.e., 5(P, Q) = — log A(P, Q). Fur- 
ther, all of the distance and height functions in [22] are Weil functions 
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in the sense that they are only defined up to addition of a bounded 
function that depends on the underlying variety. So to be precise, 
the logarithmic chordal distance — log A is a particular function in the 
equivalence class of arithmetic distance functions 5 on F N . 

Lemma 5. The chordal distance A defines a nonarchimedean metric 
on F N (K). Further, it is bounded by A(P,Q) < 1. 

Proof. It is immediate from the definition that A(P, Q) > and that 
it is equal to if and only if P — Q. Further, 

max \xiUj — Xji/i\ < max max! \xiyA, \xjUi\ } < ||x|| ■ \\y\\, 

0<i,j<N 0<i,j<N 

which proves that A(P,Q) < 1. It remains to verify that A satisfies 
the strong triangle inequality. 

Let R e F N (K) be a third point and lift it to z e (K N+1 )*. Mul- 
tiplying each lift by an appropriate element of K*, we may normalize 
the lifts to satisfy 

Consider the identity 

{X{Z k Xk^ijUj 

= {xiy,j - Xjyi)z k + (yiZk - ykZ % )xj + (xjy k - x k yj)zi. (3) 
Since \\y\\ = 1, there is a j with \yj Q \ = 1. Then (3) with j = j gives 

\xiz k - x k Zi\ < max{A(P, Q), A(Q, R)}. 
Taking the maximum over i and k yields the strong triangle inequality, 
A(P, R) < max{A(P, Q), A(Q, R)}. □ 



In the remainder of this section we develop some basic properties of 
the chordal metric on F N (K). We begin with some notation that will 
be used throughout the remainder of this paper. 

Let M > 1 be an integer, typically equal to either N or N + 1. For 
a G K M and r > 0, the open poly disk and the closed poly disk centered 
at a with radius r are defined, respectively, by 

B(a, r) = {x e K M : \\x - a\\ < r}, 
B(a,r) = {xe K M : \\x - a\\ < r}. 
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Similarly, for P G F N (K) and 1 > r > 0, we define the open disk and 
the closed disk centered at P with radius r to be, respectively, 

D r (P) = {Q G F N (K) : A(P,Q)<r}, 

D r (P) = {Q G F N (K) : A(P,Q)<r}. 

Despite the terminology, all four of the sets B(a,r), B(a,r), D r (P), 
and D r (P) are both open and closed in the topology induced by || • | 
on K M and by the chordal metric A on F N (K). We also embed K N 
into F N (K) via the map 

a : K N < — ► F N (K), ( Xl ,...,x N )\ — ► (1 : x 1 : ■ ■ ■ : x N ). 

Lemma 6. Let P,Q e F N (K) be points satisfying A(P,Q) < I. 
Choose a lift x e (K N+1 )* for P and a lift y e (K N+1 )* for Q. and let 
< k < N be an index. Then 

\ x k\ = ll^ll if and only if \yk\ = \\y\\. 

Proof We may assume that ||x|| = \\y\\ = 1. Assume that \xk\ = 1 and 
choose an index j such that \yj\ = 1. Then 

\xkUj - XjVk\ < A(P, Q) < 1 and \x k yj\ = 1, 

so the strong triangle inequality implies that \xjy^\ = 1. But \xj\ < 1 
and \yk\ < 1, so we must have \yk\ — 1. □ 

The next lemma shows that the usual metric || • || and the chordal 
metric A are the same on the closed unit polydisk B(0, 1) in K N . 

Lemma 7. (a) The restriction of a to B(0, 1) is an isometry, 

A(a(x),a(y)) = \\x - y|| for all x,y E B(0, 1). 

(b) Let x G B(0, 1) and 1 > r > 0. Then the maps 

a : B(x,r) — > D r (a(x)) and a : B(x,r) — * D r {a{x)) 

are isometric isomorphisms. 

Proof. Let x, y G 5(0,1). Then ||cr(a;)|| = ||<r(y)|| = 1, so 
A(a(x),a(y)) = m.^ N {\x iyj - x jyi \}, 

where for convenience we set xo — yo — 1. In particular, putting j = 
gives 

A(a(x),a(y)) > max {\ Xi - yi\] = \\x - y\\. 
Further, we note that 

\xiUj -XjVi\ = \xi(Vj +x j (x i -y i )\ < maxjl^- - Xj\, \x { -yi\). 
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Taking the maximum over all i and j gives 

A(a(x),a(y)) < max \x { - y t \ = \\x - y\\, . 

which gives the opposite inequality and completes the proof of (a). 

By assumption x G B(0, 1) and r < 1, so the triangle inequality 
implies that B(x,r) C B(0, 1). Then (a) tells us that a is an isometry 
on B(x, r), so in particular a maps B(x, r) injectively and isometrically 
into D r (a(x)). 

It remains to check that the map is surjective. Let Q G D r (o~(x)) 
and lift Q to b = (bo, b\, . . . , 6jv). We know that ||cr(a;)|| = 1 and that 
the first coordinate of a(x) equals 1, and also A(Q,a(x)) < r < 1, so 
Lemma 6 tells us the |6 | = \\b\\- Then the point 

y = ( 7^, 7^, . . . , J is in B(0, 1) and satisfies a(y) = Q. 
\bo bo bo J 

Finally, since x, y G B(0, 1), we can use (a) again to compute 

\\x-y\\= A(a(x),a(y)) = A(a(x),Q) < r, 

so in fact y G B(x,r). This proves that a(B(x,r)) = D r (a(x)), which 
completes the first part of (b). The second part is proven similarly. □ 

Proposition 8. F N (K) is complete with respect to the chordal met- 
ric A. (As always, we are assuming that the field K is complete.) 

Proof. Fix some r < 1, say r — \. Let (Pi)i>i be a Cauchy sequence 
in F N (K) and fix an n so that A(Pj,Pj) < r for all i,j > n. In 
particular, the truncated sequence (Pj)j>„ lies in the disk D r (P n ). Re- 
ordering the coordinates if necessary, we can assume that there is a 
lift x G B(0, 1) of P n . Then Lemma 7(b) tells us that D r (P n ) is isomet- 
rically isomorphic to B(x,r). But B(x,r) C K N and K N is complete, 
hence D r (P n ) is also complete. □ 

2. LlPSCHITZ CONTINUITY OF MORPHISMS 

In this and subsequent sections, we say that an element a G K is 
K-integral if |a| < 1 and we say that a is a K-unit if |a| = 1. 
Associated to any collection of homogeneous polynomials 

$ = ($ 0) . . . , $ N ) : A w+1 — > A w+1 

in TV + 1 variables is a polynomial Res(<I ) ) (with integer coefficients) 
in the coefficients of $o, • • • , &n whose vanishing is equivalent to the 
collection <3>o, • • • , &n having a nontrivial common zero. See [15, §1.1] 
for a summary of the basic properties of this Macaulay resultant Res($) 
and [14] for full details and proofs. We recall the following useful result. 
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Proposition 9. Let <£> , . . . , §n € K[X , . . . , X N ] be a collection of 
homogeneous polynomials with K-integral coefficients. Then 

| Res($)| • \\x\\ d < \\<&{x)\\ < \\x\\ d for all x e A N+1 (K). 

Proof See [15, Proposition 6(b)]. □ 

Definition. Let tp : P^ — > P^ be a morphism defined over K and let 
$ : A^ +1 — > A^ +1 be a lift of </?. We say that $ is a minimal lift of tp 
if all of its coefficients are i^-integral and at least one coefficient is a 
-KT-unit. Any two minimal lifts differ by multiplication by a i^-unit. 

We define a minimal resultant Kes(tp) of tp to be the resultant of a 
minimal lift of tp. Note that Res(^) is well defined up to multiplication 
by a power of a K-unit, so in particular, the absolute value | Res(</?)| is 
well defined independent of the chosen minimal lift. 

Definition. Let $ = ($ , : K N+1 -> K N+l be a lift of tp ■ 

P^ — > P$. For each % = 0, . . . , N, we define the norm of to be 
the maximum of the absolute values of the coefficients of In other 
words, if $i = ./\ •'"()' • • -^tv > then 

11^11= sup \a ij0j ...j N \ . 

jo,-,3N>0 

We define the norm of $ by ||$|| = sup 0<i<Ar ||$i||. In particular, the 
condition ||$|| = 1 is equivalent to $ being a minimal lift of tp. 

We now prove that morphisms of P^ over nonarchimedean fields are 
Lipschitz continuous and give an explicit Lipschitz constant. 

Theorem 10. Let tp : F N — > F N be a morphism of degree d > 2 
defined over K . Then tp is Lipschitz continuous with respect to the 
chordal metric. More precisely, 

A(tp(P),tp(Q)) < | Res(y9) | - 2 A (P,Q) for all P, Q e F N (K), (4) 

where Res(^) is a minimal resultant of tp. 

Remark 11. More generally, any morphism tp : F N — > P M is Lipschitz 
continuous, although the Lipschitz constant depends in a more compli- 
cated way on tp. 

Remark 12. Recall that the map tp has good reduction if its minimal 
resultant is a i^-unit. (See [15, Section 1.3].) Hence if tp has good 
reduction, then tp is nonexpanding with respect to the chordal metric, 
so the Julia set of tp (see Section 7) is empty. This generalizes the 
well-known result for P 1 , see for example [16]. 
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Proof of Theorem 10. Let $ = ($o : ■ • ■ : $at) be a minimal lift of ip. 
Consider the homogeneous polynomials 

*i(X)*iOO ~ ^(X)MY) e K[X,Y}. 

They are in the ideal generated by 

{XM-XiYkiOKkKlKN}. 

More precisely, there are polynomials Aij jk j(X,Y) whose coefficients 
are bilinear forms (with integer coefficients) in the coefficients of $j 
and $j such that 

*i(X)*iOO ~ *i(X)*iOO = E A iM {X,Y){X k Y l -X l Y k ). 

0<k<l<N 

Now let P,Q e P N (K) and write P = ir(x) and Q = n(y) as usual 
with ||x|| = 1 and \\y\\ = 1. Then 



< max I Ai 

0<k<l<N [ 

< ll^ill ' 11$? II „ JP-®X„\ x kVl ~ XlVk 



< o maxjA iJikj i(x,y)\ ■ \x k yi - x t y k \ 



0<k<l<N 

< A(P,Q) since ||$|| = 1 by assumption. (5) 

Since $ has i^-integral coefficients and ||x|| = ||y|| = f, Proposition 9 
says that 

\\&(x)\\ > |Res($)| and ||$(y)|| > | Res($)|. (6) 
Using (5) and (6) in the definition of the chordal distance yields 

max - ^(^(y) | 



A(<p(p)MQ)) = 



\Mx)\\ ■ \My)\\ 
< |Res($)|- 2 A(P,g). 

This completes the proof of Theorem 10. □ 

The previous theorem considered the distance from to 3>(Q). 

We next study the variation of the ratio of ||$(P)|| to ||$(Q)||. 

Theorem 13. Let <p : F N — > be a morphism of degree d>2 defined 
over K , let $ : A^ +1 — > A^ +1 be a lift of cp, and define a function 

: F N (K) — R, g*(P) = i log \\<f>(x)\\ - log \\x\\ (7) 

for any x G 7r _1 (P). 

Then g$ is Lipschitz continuous with respect to the chordal metric. 
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More precisely, for all P,Q<E F N (K) we have 
Further, 

9*(P) = 9*{Q) if A(P,Q) < \Res(<p)\. (9) 

In particular, g$ is uniformly locally constant. (Note that the norm on 
the lefthand side of (8) is the usual archimedean absolute value on R.) 

Proof. Homogeneity of $ implies that g<s>(P) is well-defined, indepen- 
dent of the lift of P. Further, for any constant c we have 

1 

9ct>(P) = 94>(P) + -log|c|, 

so the difference g$(P) — g$(Q) is independent of the chosen lift of <p. 
Hence without loss of generality, we assume that $ is a minimal lift 
of ip. To ease notation, we let 

R = \Res(<f)\ 

be the absolute value of the minimal resultant. Note that < R < 1. 

Let P = 7r(x) and Q = n(y) with ||x|| = ||y|| = 1 as usual, so in 
particular Proposition 9 tells us that 

1 > ||$(V)|| > R and 1 > ||$(y)|| > R. (10) 

We consider two cases. The first case is for points P and Q that are 
not close together. Suppose that A(P,Q) > R. Then using (10) we 
find that 



\g*(P)-g*(Q)\ = 2 



This proves that the function g$ is Lipschitz for points P and Q satis- 
lying At /'. O) > /,'. 

Next we consider the case that A(P, Q) < R. Notice the strict 
inequality, so in particular A(P,Q) < 1. We have ||x|| = \\y\\ = 1 
by assumption, so from Lemma 6 we can find an index k such that 

\%k\ = \yk\ = 1- 
In order to complete the proof, we expand $(x + h) as 

$(x + h) = + ^ h i B i( x , h), 

i=0 

where each P>i is a vector of polynomials whose coefficients are linear 
forms (with integer coefficients) in the coefficients of $. Then using 
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the particular index k determined above, we compute 

11^)11 = 11^)11 
= 11^(^)11 

= \\®(x k y + y k x - x k y)\\ 

N 

$>(x k y) + ^2(y k x { - x k yi)Bi(x k y,y k x - x k y) . (11) 



i=0 

Now we observe that 

N 



\y](ykXi - x k yi)Bi(x k y,y k x - x k y) 



i=Q 



< max \y k Xi - x k yi 

i 

< A{P,Q) < R, 



while in the other direction we have 

\Mx k y)\\ = \x k \ d \My)\\ = \My)\\ > R. 

Hence the first term in the righthand side of (11) has absolute value 
strictly larger than the second term, so we deduce that 

\\Hx)\\ = \Mx k y)\\ = \x k \ d \My)\\ = \My)\\. 

Hence 

We have thus proven that if A(P, Q) < R, then g<s>(P) = g<s>(Q), which 
completes the proof of Theorem 13. □ 

3. Elementary properties of the Green function 

In this section we recall from [15] the definition and basic properties 
of nonarchimedean Green functions. Note that what we call nonarchi- 
medean Green functions are called homogeneous local canonical height 
functions in [2] , and the (Arakelov) Green functions in [2] are functions 
on P 1 x P 1 with a logarithmic pole along the diagonal. 

Theorem 14. Let (p : P^ — > P^ be a morphism of degree d > 2 and 
let® : K N+l -> K N+1 be a lift of p. 

(a) There is a unique function 

G$ : (K N+1 )* — > R 

satisfying 

G*($(a:)) = dG$(x) and G$(x) = log \\x\\ + 0(1). (12) 
The function C7$ is called the Green function of $. 
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(b) The value of the Green function is given by the limit 

(?.(*) = lim L\ g\\^(x)\\. 

(c) The Green function satisfies 

G^(cx) = G*(x) + log \c\ for all c G K* and all x e (K N+1 )* . 

(d) If we use a different lift c$ in place o/$, t/ien £/ie Green function 
changes by a constant amount, 

G c $ (x) = G$ (x) + -^-j log | c| . 

Proof. See [15, Theorem 7] for (a,b,c) and [15, Lemma 8] for (d). □ 

Definition. Let (p : P^ — * be a morphism of degree d > 2, let $ 
be a lift of </?, and let G$ be the associated Green function. We define 
the (modified) Green function of tp to be the function 

fa : F N (K) — > R, 

(13) 

g$(P) = — log ||x|| for any x E n (P). 

We end this section by proving a few elementary properties of the 
modified Green function. 

Proposition 15. Let ip : P^ — > P^ 6e a morphism of degree d > 2, 
let $ : K N+1 — > i^^" 1 " 1 6e a Z?/f o/ </?, and Zet 6e t/ie modified Green 
function defined by (13). 

(a) g$(P) does not depend on the choice of the lift x e -ft' Ar+1 o/ P, 
so g$ a well-defined function on F N (K). 

(b) Let g$(P) = d" 1 log||$(x) || — log be the function defined by (7) 
in the statement of Theorem 13. Then 

g*(<p(P))=dg*(P)-dg*(P). 

(c) The Green function g$ is given by the series 



OO 

n=0 



(d) Assume that & is a minimal lift of •p. Then the Green function g$ 
is nonpositive. Further, g&(P) = if and only if g^,[ip n (P)) = 
for all n > 0. (See Theorem 32 /or a characterization of the set 
where g$(P) =0.) 
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Proof, (a) The homogeneity of the Green function (Theorem 14(c)) 
implies that 

G<s>(cx) — log ||cx|| = G<s,(x) — log(rr) for all c G K*. 

(b) The transformation property for G$ (Theorem 14(a)) gives 

g*(<p(P))=G*($(x))-log\\<I>(x)\\ 
= dG^(x) -log||$(x)|| 

= dg*(P)- (log||<t>(z)|| -dlog|N|) 
= dg*(P)-dg*(P). 

(c) This follows from the usual telescoping sum argument. Thus 

E^4^)) = E^Qiog||^ +1 (x)||-io g ||^(x)||) 

n=0 n=0 

= ^log||$ fc (a;)|| — log ||rzr||. 

Letting k — > oo, the righthand side goes to g$(P)- 

(d) The upper bound in Proposition 9 tells us that the function g$ 
satisfies 

g<s>(P) = — log||$(x)|| — log \\x\\ < 0. 
d 11 11 

Hence the sum in (c) consists entirely of nonpositive terms. It follows 
that g<f>(P) < 0, and further g<s>(P) = if and only if every term in the 
sum vanishes. □ 

Remark 16. Chambert-Loir tells us that the modified Green function g$ 
is related to the canonical [admissible] metric on the line bundle O v n{1) 
introduced by Zhang [24]. 

Precisely, we write || • || sup for the metric on O v n(1) defined by 

\s(x)\ 

INLp^) = for s G T(P N , O f n(1)) and any x G 7r _1 (P), 

and || • ||$ for the canonical metric on O v n (1) associated to (p : ¥ N — > 
and a lift $ of y? (see [24, Theorem (2.2)]). Then we obtain 

I sup 



g<f = fog ■ 

ii ■ ii* 

Hence properties of g$> give the corresponding properties of the canon- 
ical metric || ■ ||$. 
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4. Holder continuity of the Green function 

Our goal in this section is to prove that gq> is Holder continuous 
on P^. We follow the argument of Dinh-Sibony [10, Proposition 2.4] 
(See also Favre-Rivera-Letelier [11, Proposition 6.5]). Over a nonarchi- 
medean valuation field, we easily obtain explicit constants for Holder 
continuity. We begin with an elementary lemma. 



Lemma 17. Let a,b,D be constants satisfying a > 1, b > 1 and < 
D < 1. Then 



Then the assumptions on a, b, D imply that t > 0, and by definition 
of t we have Da 1 = b~ l . Hence 

, , logt-D -1 ) log a log b 

Da t + = 2Da = 2D • D~^ eab = 2D^K 

We put k — \t\ + 1. Then A; is a positive integer and we have 
Da k + b~ k = a k - l Da l + b'^b' 1 < aDa 1 + b~ l 

<a(Da t + b- t ) = 2aD^ . 

This completes the proof of the lemma. □ 

We now prove that the nonarchimedean Green function is Holder 
continuous and give explicit Holder constants. 

Theorem 18. The modified Green function gq> : F N (K) — > R defined 
by (13) is Holder continuous. More precisely, let 



g*(P)-g*(Q)\<=^T i *(P,Q) } & for all P, Q e F N (K) . (14) 



Proof. In general, the Green function G$ and the modified Green func- 
tion g$ depend on the chosen lift $ of (p. However, Theorem 14(d) tells 
us that G c <f> — G$ is constant, so the difference g<$>{P) — g<$>{Q) is inde- 
pendent of the chosen lift $ of (p. Hence without loss of generality we 
may assume that $ is a minimal lift of ip. 

To ease notation, we let R — | Res(y?)| as usual. We also recall the 
function 



min^a* 1 + b~ k : k G Z, k > 0} < 2aD 
Proof. Let t G R be the number 

t _ logjD- 1 ) 
log ab 



log b 
log ab 



u = u(<p) = max{2<i, | Res((^)| 2 }. 



Then 
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used in Theorem 13. Note that Proposition 9 tells us that g<& is a 
bounded function, 

< 9(P) < for a11 p e F N (K). (15) 

a 

Further, Proposition 15(c) says that we can write g$> as a telescoping 
sum, 

oo 

^) = E^(v B ( p ))- 

n=0 

Let fc be an auxiliary integer to be chosen later. We compute 



\g*{P) - 9*{Q)\ 

= \J2i-A9^ n (p))-g^ n (Q)))\ 



d r - 

n=0 



k-1 

< 



E^M^( p ))-^(^))l + 2 (E^) su p W T )I 

„=0 ^ \=fc d 7 TeP"(tf) 



fc-1 



from Theorem 13 and (15), 

n=0 



from Theorem 10, 



The most interesting case is when dR 2 is small, say dR 2 < |, so we 
consider that case first. Then the bound (16) yields 

-9*(Q)\ < 21og(iT 1 ) ■ (a(P,Q) (J^ +d- 

We now choose k as described in Lemma 17. This gives the desired 
upper bound 

\g*(P) - g*(Q)\ < J -A(P,Q)^> (17) 
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Next we suppose that dR 2 > \. Then Y,n=i( dR2 )~ n < 2k+ \ so ( 16 ) 
gives 

\g*(P) - g*(Q)\ < log 2d • (A(P, Q)2 k + d~ k ) . 

Now another application of Lemma 17 yields the upper bound 

\g*(P) - g*(Q)\ <41og2d- A(P,Q)^. (18) 

Combining (17) and (18) completes the proof that g<$, is Holder contin- 
uous with the explicit constants listed in (14). □ 

5. Distance functions and the open mapping property 

In this section we recall a distribution relation for distance functions 
proven in [22], where it was used to prove a quantitative nonarchime- 
dean inverse function theorem. We apply the distribution relation to 
give a short proof that finite morphisms ip : F N — > F N over nonarchi- 
medean fields are open maps, i.e., they map open sets to open sets. 
More generally, the same is true for any finite morphism of projective 
varieties. 

Proposition 19 (Distribution Relation). Let ip : F N — > F N be a mor- 
phism of degree d > 1 defined over K and let P, T e F N (K). Then 

-logA(y?(P),T) = -^(Q)logA(P,Q) + Gyi), 

Q^-HT) 

where e^(Q) is the ramification index of ip at Q and the big-0 constant 
depends on p, but is independent of P and Q. 

In particular, there is a constant c = c((p) > 1 such that for all P, T e 
F N {K) we have 

min A(P,Q) < cA(p(P),T) 1/d . (19) 

Proof. The first statement is a special case of [22, Proposition 6.2(b)]. 
Note that since is projective and ip is defined on all of P^, we do 
not need the Xdwxv term that appears in [22]. The second statement is 
immediate from exponentiating the first statement and using the fact 
that Eo ev -i(T) e ^Q) =d - D 

Remark 20. For refined calculations, there is a version of (19) with- 
out the 1/d exponent provided that P is not in the ramification locus 
of (p. More precisely, [22, Theorem 6.1] implies that if y? is unramified 
at P G F N (K), then there is a disk D r (P) around P such that the map 

p> : D r (P) — <p(D r (P)) 
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is bijective and biLipschitz, i.e., both ip and p^ 1 are Lipschitz. Of 
course, we have already seen that ip is Lipschitz (Theorem 10), the 
new information is that ip" 1 is also Lipschitz. Notice that even if ip 
is ramified at P, Proposition 19 more-or-less says that p^ 1 (which 
doesn't quite exist) satisfies A(</? _1 (P), p~ l {Q)) < A(P,Q) 1/d , so ip" 1 
is locally Holder continuous. 

Corollary 21. Let p : P^ — > P^ be a morphism of degree d > 1 defined 
over K. Then ip is an open mapping, i.e., ip maps open sets to open 
sets. 

Proof. Let U C F N (K) be an open set and let ip(P) G <p(U) be a point 
in the image of ip. We need to find a disk around </?(-P) that is contained 
in (p(U). Since U is open, we can find an e > so that D e (P) C U. 
Let 5 = (e/c) d , where c is the constant appearing in (19) in Proposi- 
tion 19. We claim that D s ((p(P)) C <p(U), which will complete the 
proof. 

So let T G D$((p(P)) . We apply the second statement in Proposi- 
tion 19 to find a point Q e (/9~ 1 (T) satisfying 

A(P,Q) < cA{ V (P),Tfl d < c5 1/d = e. 

Hence Q G D e (P) C 17, so T = y?(Q) G y?(f/). □ 

We note that the Holder-type inequality (19) that follows from the 
distribution relation (Proposition 19) can be used to prove directly 
from the definition that the Fatou and Julia sets of (p are completely 
invariant. However, since we have not yet defined the Fatou and Julia 
sets, we defer the proof until Section 8, where we instead give a short 
proof based on our characterization of the Fatou set as the set on which 
the Green function is locally constant. 

6. Nonarchimedean analysis 

Let K be an algebraically closed field that is complete with respect 
to a nonarchimedean absolute value as usual. In this section, we recall 
some basic facts from nonarchimedean analysis. For details we refer 
the reader to [8]. 

Let a = (ai, . . . , a^) G K n and let r G \K*\ be a real number in the 
value group of K. A formal power series 

V(x)= c il ... iN (x 1 -a 1 ) il ---(x N -a N ) iN 

ii,...,tjv>0 

is said to be analytic on B(a,r) if the coefficients c^...^ G K satisfy 

lim \ Cil ... iN \r h+ - +iN =0. 

iiH Mjv^oo 
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Then ty(x) defines a function \1/ : B(a,r) — > K. The Gauss norm of ^ 
on B(a,r) is the quantity 

su P {\c h ... iN \r h+ - +iN }. 



B(a,r) 



n. ..in 



If * is analytic on B(a,r), then H^Hb^j.) is finite, and the strong 
triangle inequality gives 

|*(a:)| < ||*||B(o,r) for ah x G B(a,r). 

Lemma 22. Let * be an analytic function on B(a,r). 

(a) [Maximum Principle] There is an x' G B(a,r) such that 

1*0*01 = ll*llB(a,r)- 

(b) For allx,y G B(a,r), we have 

1*1 



\*{x)-y(y)\ < 



\B(a,r) 



\x - y\ 



Proof. We fix a b G K* with |6| = r. 

(a) For a proof when B(a, r) is the unit polydisk, i.e., a = and r = 1, 
see [8, § 5.1.4, Propositions 3 and 4]. As in [13, Proposition 1.1], the 
general case follows using the isomorphism 



B(a,r) — ► .8(0,1), x 



x — a 



(b) To ease notation, we let I = (ii, . . . ,in) and write (x — a) 1 for 
the product n^Li( x j — a jY j ■ Similarly for (y — a) 1 and r 1 = r H+ '" +tN . 
Then 



\*(x)-*(y) 



= ^2a((x - a) 1 - (y - a) 1 ) 
i 

< sup \cj\ ■ \(x — a) 1 — (y — a) 1 



< (sup |cr|r 7 ) • sup 



l*||B(a,r) • SUP 



x — a 



y-a 



x — a 



y-a 



We now use the fact that for all I and j there exist polynomials 
F Id (X, Y) G Z[X, Y] such that 

N \ / N \ N 



X'-Y' iU\ 



3=1 



II 1 ? =E^-w.n 

j=l / j=l 
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Putting X = (x — a)/b and Y = (y — a)/b and using the triangle 
inequality yields 



x — a 



y-a 



< max 

i<j<N 



Xj yj 



Ft 



x — a y — a 



We know that |6| = r and x,y G B(a,r), and also Fjj has integer 
coefficients, so \Fjj((x — a)/b, (y — a)/b)\ < 1. Hence 



\*(x)-*(y)\ < \\*\\ B ^ ry max 



Xj yj 



1^1 



B(a,r) 



\x-y\ 



□ 



Lemma 23. Let A be a family of analytic functions on B(a,r). As- 
sume that there is a constant C > such that 

< C for all x G B(a,r) and all * G A. 

Then for all x,y G B(a, r) and all ^ , A E A we have 

C 2 

\V(x)A(y) - V(y)A(x)\ < — lb - yll. 

Proof. By Lemma 22(a), we have H^Hs^) < C for all * G A. Then 
for any x, y G B(a, r) we have 

\V(x)A(y)-y(y)A(x)\ 

= |A(y)(*(x) - *(y)) - *(l/)(A(s) - A(y))| 

< max{|A(y)| • - *(y)|, |*(y)| • |A(x) - A(y)|} 

<max{||A||s (0)r )|*(a;)-*(j/)|, ||tt||B (0)r) |A(a;) - A(y)|} 

|s(a,r) 



< 



1^1 



B(a,r) 



f - V\ 



from Lemma 22(b) 



< — \\x - y 
r 



□ 



7. The Fatou and Julia sets 

In this section we recall the definition of the Fatou and Julia sets 
for a family of maps on a metric space. In our case, the metric space 
is F N (K) with the metric induced by the chordal distance function A. 

Definition. Let U be an open subset of ¥ N (K). A family of maps A 
from U to F N (K) is equicontinuous at a point P G U if for every e > 
there is a 5 > such that 

i>(D 5 (P)) C ^(^(P)) for all ip E A. 
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We note that the open disks Ds{P) an d D e (ip(P)^j may be replaced by 
closed disks £>s(P) and D t (ip(P)) without affecting the definition. The 
family A is equicontinuous on U if it is equicontinuous at every P G U . 

We note that in general, equicontinuity at a point P is not an open 
condition, since 5 may depend on both e and P. In particular, it 
is weaker than the related property of A being uniformly continuous 
on U, in which a single 5 is required to work for every P G U . 

The family A is called {locally) uniformly Lipschitz at P G U if there 
exists a constant C = C(A, P) and a radius r = r(A, P) such that 

A(ip(Q),ip(R)) < CA(Q,R) for all Q,Re D r (P) and all ip G A. 

In other words, A is locally uniformly Lipschitz at P if each map in A 
is Lipschitz in some neighborhood of P and further there is a single 
Lipschitz constant that works for every ip G A. 

If the family A is equicontinuous on each open subsets U a of F(K), 
then it is equicontinuous on the union (J Q C/ a . Taking collections {U a } 
to be all open subsets of F N (K) on which A is equicontinuous, we are 
led to the following definition. 

For convenience, we say that a map ip : F N — > F N is equicontinuous 
if the family of iterates {<p n } n >i is equicontinuous, and similarly <p is 
locally uniformly Lipschitz if its iterates are. 

Definition. Let <p : P^ — > P^ be a morphism. The Fatou set of ip, 
denoted T '((f), is the union of all open subsets of F N (K) on which (p is 
equicontinuous. Equivalently, the Fatou set J-(ip) is the largest open set 
such that the family {ip n } ( ^ ) =l is equicontinuous at every point of ^(tp). 
The Julia set of ip, denoted J~((p), is the complement of J-((p). Thus 
by definition the Fatou set is open and the Julia set is closed. 

8. The Green function on the Fatou and Julia sets 

In this section we characterize the Fatou set of ip as the set on which 
the (modified) Green function g$ is locally constant. Along the way, 
we prove that ip is locally uniformly Lipschitz on the Fatou set. 

Theorem 24. Let ip : P^ P^ be a morphism of degree d > 2 
as usual, let $ be a lift of ip, let g$ be the (modified) Green function 
defined by (1) and (2), and let P G P N (K). Then the following are 
equivalent: 

(a) The iterates of <p are equicontinuous at every point in some neigh- 
borhood of P, i.e., P G J^ip 1 )- 

(b) The iterates of ip are locally uniformly Lipschitz at P. 

(c) The function g$ is constant on a neighborhood of P. 
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Proof. It is clear that being locally uniformly Lipschitz at P is stronger 
than being equicontinuous in a neighborhood of P, so (b) implies (a). 

Next we show that (a) implies (c), so we let P G T '(</?) and let g§ be 
the usual function 

g<s,(Q) = ^log||$(y)|| -log||y|| for y G n'^Q) 

as in Theorem 13. We take e = ||Res(</?)| in the definition of equicon- 
tinuity and find a 5 = 5(e, P) > so that 

A(P,Q) < 5 =► A(^(P),^(Q)) < e < |Res(^)| 

for all Q and all n > 0. 

It follows from Theorem 13 that 

A(P, Q)<5 => g^(if n (P)) = g^ n (Q)) for all Q and all n > 0. 

Then the series representation of gq, given in Proposition 15(c) implies 
that 

g*{P)=g*{Q) for all Q e D S (P). 
Hence g$ is constant on D$(P), which completes the proof that (a) 
implies (c). 

It remains to show that (c) implies (b). So we assume that g§ is 
constant on D&(P) and need to prove that the iterates of ip are Lipschitz 
on Dg(P) with a uniform Lipschitz constant. We choose a minimal lift 
$ : (K N+1 )* -> (K N+1 )* of and define functions g^ n by 

<7*,n(Q) = ^ log||$ n (l/)|| - log |M| for Q G F N (K) and y G Tr" 1 ^). 

Then as in the proof of Proposition 15, we can use a telescoping sum 
to write 



k=n 

Then Proposition 9 gives the estimate 

1 1 

|<?3>(<2) -ff*,n(Q)| < E^ 



°° / 1 1 



k>n 



-log||$ fc+1 (y)||-log||$ fc 



^Ed^r^M^r^^. (2°) 

fc>n 

where for convenience we let C\ = ^-j- log|Res(</?)| 1 . (In particular, 
the constant C\ only depends on ip.) 
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Recall that we have fixed a point P G F N (K). It would be convenient 
if we would find an element h G K* satisfying log \h\ = g<s>(P), but even 
if K = C p , we only have |C*| = p Q . However, log(p Q ) is dense in M, so 
we can find a sequence of elements h n G K* satisfying 

\gs>{P) -\og\K\\ < -j- foralln>0. (21) 

Now let Q G D S (P) and choose lifts x G 7r _1 (P) and y G 7r _1 (<5). 
Note that g<s>(Q) = g®(P), since by assumption g$ is constant on D§(P). 
This allows us to estimate 

^logH^^II-logHyl 

= \g®,n(Q) ~ log I ^-n I I 

= \g®AQ) -g®(Q) + g<s>( p ) -iog|M| 

< \g*AQ) -fa(Q) \ + \g$( p ) - log | 
c + 1 

< — from (20) and (21). 

Hence if we define a new sequence of functions (A$ >n ) n > by the formula 

A*,„(y) = K dn ^{y) 
and a new constant C 2 = e Cl+1 , then these new functions satisfy 

C7 1 < ^flj^ < C 2 for all ir(y) G P> 5 (P) and n > 0. (22) 

1 1 2/ 1 1 

Notice that A$ in is also a lift of (p n , since we have merely multiplied <3> n 
by a constant. 

Reordering the coordinates if necessary and dividing by the largest 
one, we may assume without loss of generality that x G 7r _1 (P) satis- 
fies xo = 1 = ||x||. Thus if we let a = (x±, . . . ,xn), then Lemma 7(b) 
says that there is an isometric isomorphism 

a: B(a,S) — > a(b u . . . , b N ) = (1 : h : • • • : b N ). (23) 

Let 

. . . ,b N ) = A$,„(l, bi,...,b N ) 
be the dehomogenization of A$ )Tl . Then (22) gives 

C^ 1 < ||**,n(6)|| < C2 for all b G P(a, S) and n > 0. 

Write the coordinate functions of \l/$ iTt as \l/$ in = (\I/„o, • • • , ^niv) and 
consider the family of functions 

{^ni ■ < % < N and n > 0}. 
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! — 


y ni (b')V nj (b)\ 




|**,n(6)| 




\**,n(V)\ 





Every function in this family satisfies |^ n j(6)| < C 2 for all b G B(a, 5), 
so Lemma 23 tells us that 

\* ni (b)*nj(V) ~ ^ni(b')^ nj (b)\ < ^f\\b ~ b'\\ 

for all b, b' G B(a, 5), all < i, j < N, and all n > 0. 
Combining this with the lower bound ||^ f $ ;n (6)|| > C 2 X yields 

<mh-n 



for all b, b' G B(a, 5), all < i, j < N, and all n > 0. 

Now we take the maximum over all < i, j < N and use the definition 
of the chordal distance and the isometry (23). This gives 

A{a{^ n (b)),a{^ n (b'))) < ^A(a(b),a(b')) 

for all b, b' G B(a, 5) and all n > 0. 

^From the definitions we have cr(ty$ tn (b)) = <p n (a{b)) and similarly 
for b', so letting a(b) = Q and <r(b') = R, we have proven that 

A(<f n {Q), v n {R)) < - i A(Q, R) for all Q,Re D 5 {P) and all n > 0. 

o 

Hence the iterates of if are uniformly Lipschitz on the disk Dg(P), since 
the Lipschitz constant C|/<5 depends only on P and (p. □ 

Theorem 24 has a number of useful corollaries. We note that it is 
possible to prove these corollaries directly from the definition of the 
Fatou set, but the use of the Green function simplifies and unifies the 
proofs. The first is actually a restatement of part of Theorem 24, but 
we feel that it is sufficiently important to merit the extra attention. 
This is particularly true because some authors define the nonarchi- 
medean Fatou set in terms of equicontinuity and others define it in 
terms of uniform continuity. The following corollary shows that the 
two definitions are equivalent, and indeed they are also equivalent to 
the stronger locally uniformly Lipschitz property. 

Corollary 25. Let ip : — > be a morphism of degree d > 2. 
Then {<p n } n >o is locally uniformly Lipschitz on its Fatou set J-{ip). In 
other words, for every P G J-{if) there exists a 5 = 5(ip, P) > and a 
constant C = C(ip, P) so that 

A(ip n (Q),ip n (R)) < CA(Q,R) for all Q, Re D S (P) andalln>0. 
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Proof. This is the implication (a) ==>- (b) in Theorem 24. □ 

The complete invariance of the Fatou and Julia sets is also an easy 
corollary of Theorem 24 and the fact that ip is an open mapping. 

Corollary 26. The Fatou set J-{tp) and the Julia set J{fp) are com- 
pletely invariant under ip. 

Proof. Since the Julia set is the complement of the Fatou set, it suffices 
to prove the invariance of J-{tp>) under ip and </? _1 . 

Let P G (p^ 1 {j-{tp)) . Theorem 24 says that the Green function gq> is 
constant on some disk l) e (</?(P)). Since ip is continuous, we can find 
a 5 satisfying 

< 5 < \Res((p)\ and p{D 5 (P)) C D £ (<p(P)). 

Then by assumption, gq> is constant on the set ^(/^(P)). We claim 
that g<$, is constant on D§(P). 

Proposition 15 tells us that the Green function g§ satisfies the trans- 
formation property 

9*(Q) = \te(<piQ))+9*(QX (24) 

where g$ is the function defined in Theorem 13. And we know that the 
function o ip is constant on Dg(P). But Theorem 13 says that g$ 
is also constant on that disk since we have chosen 8 < |Res(</?)|. This 
proves that gq> is constant in a neighborhood of P, so Theorem 24 tells 
us that P G F((p). Hence v?" 1 ( JF (v 9 )) £ ^(f)- 

For the other direction, let P G F{p)- Theorem 24 says that we can 
find a < 5 < |Res(</?)| such that g<$> is constant on D$(P). Since tp is 
an open mapping (Corollary 21), there is an e > satisfying 

D e (cp(P))c<p(D 5 (P)). 

We claim that g<$> is constant on D e (p>(P)). 

For any Q G D € (tp(P)), we write Q = tp(R) with R G D S (P) and 
use the transformation formula (24) to compute 

9®(Q) = g<s,(<p(R)) = dg^(R) - dg^{R). 

The function g$ is constant on D$(P), and since 5 < |Res(</?)|, Theo- 
rem 13 tells us that g$, is also constant on D$(P). Hence g<$, is constant 
on D e (tp(P)), so Theorem 24 tells us that tp(P) G F((p). This com- 
pletes the proof that (p(F((p)) C F{<p), which is the other inclusion. □ 
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9. Good reduction and the Fatou set 

Roughly speaking, a morphism if : P^ — > P^ has good reduction at 
a point P G F N (K) if the reduction of ip to the residue field k of K is 
well behaved at the reduction of P. In this section we show that ip has 
good reduction at P if and only if ip is nonexpanding in a neighborhood 
of P (whose radius we specify exactly). We then show how the locus 
of good reduction for <p can be used to describe a subset of the Fatou 
set F{f). We begin with some definitions. 

Definition. The morphism <p has good reduction at P if there is a lift 
$ of ip and a lift x of P satisfying 

||x|| = 1 and || $|| = 1 and ||$(x)|| = 1. (25) 

We write 

U good {ip) = {P G F N (K) : f has good reduction at P} 

for the set of points at which ip has good reduction, and we write 
U had (ip) for the complementary set where ip has bad reduction. 

We say that ip has orbital good reduction at P if O^(P) C U good (ip), 
i.e., if f has good reduction at every point in the forward orbit of P. 
We denote the set of such points by 

U OTh - gd (ip) = {Pe F N (K) : f has orbital good reduction at P}. 

Equivalent ly, oo 

u orb - &d (f) = p| f- r \u s ° od (f)). 

n=0 

Remark 27. Since any two lifts of <p differ by a constant, it is easy to 
see that ip has good reduction at P if and only if every minimal lift $ 
of f and every lift x of P satisfying ||x|| = 1 also satisfies ||$(a;)|| = 1. 

Remark 28. It follows easily from Proposition 9 that if ip has (global) 
good reduction in the sense of Remark 12, then U good (ip) = F N (K). 
Conversely, if U good (<f) = F N (K), then ||$(x)|| = \\x\\ d for all x G 
(K N+1 )*, i.e., g$ is identically 0. Proposition 15 then implies that g$ is 
identically 0, and hence [15, Proposition 12] tells us that ip has (global) 
good reduction. In conclusion, |Res(</?)| = 1 if and only if ip has good 
reduction at every point of F N (K). 

Remark 29. An alternative way to define tp having good reduction at 
P is the existence of a lift $ with ii'-integral coefficients and an x 
with K- integral coordinates so that the image point $(x) has at least 
one coordinate that is a K-\xmt. This allows us to reduce modulo the 
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maximal ideal to obtain points denned over the residue field k of K, 
and we obtain the formulas 

$(x) = $(>) G A N+1 (k) \ {0} and <p(P) = rfP) G F N {k). 

Remark 30. Our ad hoc definition of good reduction is convenient for 
calculations, but we note that it is equivalent to the usual scheme theo- 
retic definition. Thus let R be the ring of integers of K and let k be the 
residue field. A point P G F N (K) induces a section s P : Spec(i?) — > P^, 
and we write P = s P (Spec(fc)) for the intersection of the section with 
the special fiber C P^. Then p has good reduction at P if there is 
a rational map p : P^ — > P^ whose restriction to the generic fiber P^ 
is p and such that p is defined at P. 

Proposition 31. Let p : P^ — > P^ be a morphism of degree d > 2, 
let $ be a minimal lift of p, and let P e F N (K). Consider the following 
five statements. 

(a) P e f/ good (v5). 

(b) D lRcsMl (P)cm°° d (p). 

(c) g*(P) = 0. 

(d) A(p(Q),p(R)) <A(Q,R)forallQ,ReD lRcsHl (P). 

(e) <p is nonexpanding in some neighborhood of P. 
Then we have the following implications: 

(a) <=► (b) (c) =► (d) =► (e) (26) 

In particular, U good (p) is an open set. 

Proof. It is clear that (b) implies (a) and (d) implies (e). For the 
remainder of this proof we fix a lift x of P satisfying \\x\\ = 1. 

We first prove that (a) implies (b), so let P G U good (p). The good 
reduction condition (25) tells us that ||$(rr)|| = 1. Now let Q E 
D\Res(p)\(P) an d choose a lift y of Q satisfying ||y|| = 1. Then The- 
orem 13 tells us that ||$(x)|| = ||$(y)||, so y also satisfies the good 
reduction conditions (25). Hence Q G U good (p). 

We next prove that (a) implies (d), so let P G U good (p) and let Q,R G 
D\Res(ip)\(P)- in particular, since we already proved that (a) implies (b), 
we see that Q,R G U good (ip). Hence if we choose lifts y of Q and z of R 
satisfying \\y\\ = \\z\\ = 1, then the definition of good reduction implies 
that 

11^)11 = 11^)11 = 1. 
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Writing $ = ($ , . . . , 3>jv), we proved earlier (see (5) in the proof of 
Theorem 10) that 

\My)^)-^j(y)M^)\ < A(Q, J R). (27) 

Dividing by ||$(y)|| = ||$0?)|| = 1 yields A(^(Q), (p(R)) < A(Q,R). 

It remains to show that (a) and (c) are equivalent. By definition, 
the function g§ is given by 

g*{P) = ^log||$(a;)|| - log 1 1 ^ 1 1 . 

We have normalized x to satisfy ||x|| = 1 and by definition, <p has good 
reduction at P if and only if ||$(rr)|| = 1. Hence P G U good (p) if and 
only if g*(P) = 0. 

This completes the proof of the implications (26) Finally, it is clear 
from (a) =>- (b) that U good (p) is an open set. □ 

We conclude with a proposition describing the set of points of orbital 
good reduction. 

Proposition 32. Let p : P^ — > P^ be a morphism of degree d > 2 
and let $ be a minimal lift of ip. 

(a) Let P G U orb ~ gd (p) and let Q, R G D lRes{ip)l (P) . Then 

A(p n {Q),p n {R)) < A(Q,R) for all n > 1. (28) 

(b) LetPe U orh - gd (p). Then 

D lRcs(v)l (P)cU mh - gd ^). (29) 
In particular, U orh ~ gd (p) is an open set. 
( C ) U olh - gd (p) = {P G F N (K) : fe(P) = 0} C F((p). (30) 

(d) g§ is strictly negative on £/ bad (ip). 

(e) The set {P e F N (K) : fe(P) = 0} is an open set. 

Proof. (a,b) Let P G U good (p). We first use induction on n to prove (28) 
with R = P. It is clearly true for n — 1. Let Q G -D|r cs (^)|(-P) and 
assume that (28) with R = P is true for n. Then in particular we have 

A(p n (Q),p n (P)) < A(Q,P) < \Res(p)\. 

Thus p n (Q) G D lRes{ip)l (ip n (P)), and we know that p n (P) G f/ s ° od (v?), 
so Proposition 31(d) tells us that 

A(<^ +1 (Q),<^ +1 (P)) < A{p n (Q),p n (P)). 

Then the induction hypothesis gives A(p n+1 {Q), p n+1 {P)) < A(Q, P). 
This proves that (28) is true for R = P. 
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In particular, we have shown that if Q G D\n cs ^\(P), then 

<p n (Q) e £>|ResM| {<P n (P)) for ah n > 0. 

By assumption we have <f n {P) G £/ good , so Proposition 31(b) implies 
that y? n (Q) e t/ good (y?). This holds for all n > 0, hence Q G f/ orb - gd (y9), 
which proves the inclusion (29). And clearly (29) implies that U olh - gd (ip) 
is an open set. 

We now show that (a) is true for all Q,R G D\n es ^\(P). From (b) 
we have Q G U orh ^ d {p). Further, 

A(R,Q) < max{A(P,P), A(Q,P)} < |Res(^)|, 

so R G -D|R CS (ip)|( ( 5)- Hence we can apply our preliminary version of (a) 
to the point Q G £/ orb ~ gd ((/?) and the point R G P|R eS (»|(Q) to deduce 
that 

A(v? n (Q), V n {R)) < A(Q, P) for all n > 1. 

(c) We have 

£ S (P) = ^(^"(P)) = for all n > (Proposition 15), 

if n (P) G P good (v?) for all n > (Theorem 31), 

P orl>gd (v?). 

This proves the lefthand equality in (30) 

Next let P G £/ orb - gd (y?). Then (a) says that the iterates of ip 
are nonexpanding on the disk D\ Res ^(P). This is much stronger 
than the assertion that ip is equicontinuous at every point in the disk. 
Hence P G F((p). This completes the proof that £/ orb -s d (y?) C F((p). 

(d) From (c) we see that 

P G U had (cp) ^P£ U sood (<p) =^ P ^ U olh - gd (<p) =^ g*(P) ^ 0. 

However, Proposition 15 tells us that g$ is nonpositive, so <?$(P) ^ 
is equivalent to g$(P) < 0. 

(e) This is immediate from (b) and (c). □ 
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